Carnegie Mellon Department of Physics Fall 2009

Graduate Written Qualifying Exam

Day 1 — Classical Physics

August 18, 2009

*** Please read carefully before beginning ***

On day 1 of this exam you are asked to work three problems, each of which has several parts.

Work each problem in a separate blue exam book. Write your name and the
problem number on the front cover of each.

In order to get full credit you must show all your work, either by showing all relevant steps
of a calculation or, where applicable, by giving a clear and logically consistent explanation.
Correct answers with no supporting calculation or explanation will receive little or no credit.
In case of an incorrect final answer, partial credit will be given if a correct approach to the
problem is evident.

Note that you are expected to work all the problems covered in the exam.

Many of the problems only need a few lines of calculation. If you find yourself
in a lengthy calculation, stop and move on. If something appears unclear, don’t
hesitate to ask.

Good Luck!



Expressions, formula, physical constants, integrals, etc
(which you may find useful although you may not need all of them)
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I. Classical Mechanics

y
A
A wire has been bent into the shape of a curve W
with y(z) = b(z/a) with A > 0. The wire
is rotated about the y-axis with constant fre- Q_J

quency w (see diagram to the right). A bead is b
able to move along the wire without friction.
The gravitational acceleration (magnitude g)
is straight downwards (negative y-direction)
in the diagram.
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(a) Write down the speed of the bead in terms of components along the curve (i.e. in the
x-y plane) and perpendicular to it.

(b) Making use of your result from part (a), compute the kinetic energy of the system. Write

) . P ’ i . dx ;__dy
down the Lagrangian, in terms of z, &, y" and y”, where & = %7 and y' = 2%.

(c) Compute Lagrange’s equations of motion and use them to show that the equilibrium
value x( of the bead’s xz-coordinate is given by

2, 2\ 1/(A-2)
To=a <a)\;ub ) for A # 2.

(d) Check your answer to part (c) by using a force balance approach.

(e) Perturb the bead’s position from xy by a small value (i.e. x = z¢ + §) and show that to
first order in 9,

0(1+y/(w0)*) = 0lw? — gy"(wo)]

(f) Find the frequency € of small oscillations about z,. For what values of A is there
oscillatory motion about the equilibrium point?

(g) What is unique about the situation when A = 2 and the bead is in equilibrium on the
curve?



II. Electromagnetism

A parallel plate capacitor consisting of two circular plates each of radius ry is centered at
the z-axis with the plates at z = +d/2 parallel to the xy-plane. A time dependent potential
o(t) = Vp cos(wt) is supplied to the plates by suitable wires. Assume d < 1 so that fringing
effects can be ignored.

(a) Determine the electric field E and magnetic field B between the plates of the capacitor
as a function of time.

(c) Calculate the total charge Q(f) on the plates of the capacitor and express the current

(b) Calculate the Poynting vector S between the plates of the capacitor.
¢
I(t) passed onto the plates as a function of initial charge Qo = Q(t = 0).

(d) Suppose you want to measure the magnitude of the magnetic field |§ | at a point P
between the plates of the capacitor using a piece of wire and an oscilloscope. Describe your
experimental setup (with a sketch) and explain how you estimate |B].

(e) From a far distance, the capacitor can be viewed as a radiating dipole which emits a
total power of
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where 7 is the impedance of free space. Determine the resistance of the wire joining the
capacitor that would give the same average ohmic power loss (to heat) as the oscillating
dipole emits in form of radiation. Express your answer in ohms as a function of d and A, the
wave length of the radiation.

(P)

(f) For this final part, we consider a rectangular parallel plate capacitor with the plates
having lengths xy and y, again parallel to the xy-plane. Surface charges o provide a static
electric field Ey between the plates. Determine the magnitude of the electric field seen by
an observer moving with relativistic velocity vy along the x-axis. What is the electric field
if the observer moves with vy along the z-axis?



ITI. Mathematical Physics

Let P, be the collection of all polynomials of the form
P(2) = ag + a1z + ay2® + - - - a, 2",

where the a; are complex numbers, which may be either zero or nonzero.

(a) Argue that for a fixed n, P, is a (complex) linear vector space satisfying the usual rules
for such spaces.

(b) Show that the derivative operator D = d/dz that maps P, into itself is a linear operator.

(c) Indicate a collection of polynomials that form a basis of the space P,. What is the
dimension of this space? What are the matrix elements of the derivative operator D relative
to the basis you defined? [Hint: This is relatively straightforward if you choose the right
basis.]

(d) Show that P(z) is determined everywhere by its values on the unit circle |z| = 1 by
writing down an explicit formula for the coefficients a; in terms of these values. Be sure and
give some indication why your formula is correct or how you derived it.

(e) Consider the (n+1)-component vector ¥ = (vg(2),v1(2),...,v,(2)), where v; = D P;
that means, vy(2) is P(2), v1(z) is the first derivative of P(z), and so forth. Show that if P
is in P, the column vector v satisfies a linear first-order differential equation of the form
dv
— = Mv 1
dZ U? ( )
where M is an (n + 1) x (n + 1) matrix with constant coefficients, whose form you should
determine.

(f) As well as polynomial solutions in P, does the differential Eq. (1) in part (e) have any
exponential solutions e**, or perhaps a polynomial in z times e**, with o being some nonzero
complex number? Give reasons for your answer.



